The macroscopic-microscopic mass formula is further improved by considering mirror nuclei constraint. The rms deviation with respect to 2149 measured nuclear masses is reduced to 0.441
I. INTRODUCTION
The concept of symmetry in physics is a very powerful tool for understanding the behavior of Nature. The isospin symmetry discovered by Heisenberg plays an important role in nuclear physics. In the absence of Coulomb interactions between the protons, a perfectly chargesymmetric and charge-independent nuclear force would result in the binding energies of mirror nuclei (i.e. nuclei with the same atomic number A but with the proton number Z and neutron number N interchanged) being identical [1, 2] . Although the Coulomb interaction can result in the isospin-symmetry-breaking (ISB), the measured energy differences in the excited analogue states between mirror nuclei (MED) amount to tens of keV and do not generally exceed 100 keV, which indicates that the "nuclear part" of the binding energies in pairs of mirror nuclei should be close to each other, i.e.
Where, E B and E C denote the total energy and the Coulomb energy of a nucleus, respectively, and E ′ B and E ′ C denote the corresponding values of the mirror nucleus. Combining the macroscopic-microscopic mass formula and Eq.(1), one can obtain the constraint between the shell corrections of the mirror nuclei,
that is to say, a small value for the difference of the shell corrections of a nucleus and of its mirror nucleus. It is interesting to study the constraint between mirror nuclei and the ISB effect for improving the nuclear mass formula, especially for the calculations of neutron-rich nuclei and super-heavy nuclei.
In addition, the influence of the Coulomb interaction on the single-particle levels attracted a lot attention in recent years. It has been shown that single-particle effects, induced by the electromagnetic spin-orbit interaction and the Coulomb orbital term, produce large effects in the MED for nuclei in the upper sd and fp shells [3] . In [4] , the authors found that the Coulomb potential strength does not change the position of magic gaps 50, 82 and 126, but strongly influences the shell structure of super-heavy nuclei. These investigations show that it is necessary to study the influence of the Coulomb term on the isospin-symmetrybreaking and on the binding energies of nuclei. The aim of the present work is to improve the semi-empirical mass formula through studying the mirror nuclei constraint due to the isospin-symmetry and the influence of the Coulomb term on the single-particle levels and consequently on the shell corrections of nuclei. The paper is organized as follows: In Sec.II, we introduce the semi-empirical nuclear mass formula and some modifications in this work.
In Sec. III, some results with the proposed model are presented. Finally, conclusions and discussions are contained in Sec.IV.
II. MODIFICATIONS OF THE MASS FORMULA
In [5] , we proposed an semi-empirical nuclear mass formula based on the macroscopicmicroscopic method [6] . The total energy of a nucleus can be calculated as a sum of the liquid-drop energy and the Strutinsky shell correction ∆E,
The liquid drop energy of a spherical nucleus E LD (A, Z) is described by a modified BetheWeizsäcker mass formula,
with isospin asymmetry I = (N − Z)/A, and the symmetry energy coefficient,
The isospin dependence of the pairing term is also considered (see the expression of δ np in [5] for details). The terms with b k describe the contribution of nuclear deformation to the macroscopic energy, and the mass dependence of b k is written as,
The shell correction is obtained by the traditional Strutinsky procedure [7] by setting the order p = 6 of the Gauss-Hermite polynomials and the smoothing parameter γ = 1.2 ω 0 with ω 0 = 41A −1/3 MeV. For the deformation of nuclei, we only consider axially-deformed cases.
In this work, we make the following modifications to the mass formula:
following the form in the finite range droplet model (FRDM) [6] . This modification can slightly improve the rms deviation with respect to 2149 measured nuclear masses [8] of nuclei [N and Z ≥ 8] by about 2 ∼ 3%.
• The microscopic shell correction of a nucleus is modified as,
Where, E sh and E ′ sh denote the shell energy of a nucleus and of its mirror nucleus, respectively. The additionally introduced |I|E ′ sh term is to empirically take into account the mirror nuclei constraint and the isospin-symmetry-breaking effect. We find that this term can considerably reduce the rms deviation of masses by about 10%.
The isospin-dependence in Eq. (8) is to consider the increase of the difference between neutron-neutron and proton-proton pairs in neutron-rich or proton-rich nuclei. The 
Considering the |I|E ′ sh term in ∆E, we obtain
To illustrate this point, in Fig.1(a) we show the values of ∆E ′ − ∆E between mirror nuclei as a function of neutron number with the WS model [5] . The balls denote the experimental values of the nuclear energy difference ( A −1/3 , which will be discussed later.
are generally smaller than 1 MeV. The squares and the circles denote the results of shell correction difference without and with the |I|E ′ sh term being taken into account, respectively. Here, the shell energy of a nucleus is calculated at the deformation of its mirror nucleus for the sake of simplicity, since the deformations of pairs of mirror nuclei are close to each other for most nuclei according to the calculated results with WS. The WS calculations show that the shell correction differences caused by the Coulomb potentials are larger than 3 MeV for some mirror nuclei, which obviously over-predict the experimental nuclear energy differences [see the balls in Fig.1(a) ].
The electromagnetic spin-orbit interaction, the Coulomb orbital term or the Coulomb potential strength are therefore introduced by some authors [3, 4] for improving the traditional Coulomb potential as mentioned previously. In this work, the influence of the Coulomb term is effectively considered by introducing the shell energy of the mirror nuclei. The shell correction difference between mirror nuclei is effectively reduced by about 1 MeV after the |I|E ′ sh term being considered in ∆E.
• The β 6 deformation of nuclei is taken into account, which slightly improves the results of heavy nuclei.
III. RESULTS
With these modifications and the obtained optimal parameters of mass formula which are listed in Table 1 and labelled as WS*, the rms deviations of the 2149 nuclear masses is further reduced by 15%, to 0.441 MeV and the rms deviations of the neutron separation energies of 1988 nuclei is reduced to 0.332 MeV (see Table 2 ). Fig.1 (b) shows the deviations of the calculated nuclear masses from the experimental data. Considering the shell constraint between mirror nuclei (WS*), the results are effectively improved.
In Fig.2 In Fig.5 , we show the drip lines obtained with different mass formulas. To remove the fluctuations due to the shell and pairing effects, we do a polynomial fitting to the calculated results with the FRDM, the HFB-17, and the WS* models, respectively. The leftmost and The line σ(M ) refers to all the 2149 measured masses, the line σ(S n ) to the 1988 measured neutron separation energies S n . The calculated masses with FRDM are taken from [6] . The masses with HFB-14 and HFB-17 are taken from [9] and [10] , respectively. WS*+∆ T means the correction ∆ T for empirically considering the tetrahedral deformation is added to the binding energy of a nucleus with WS*. written as,
Where, a v (negative value) and a sym (positive value) are the coefficients of the volume energy and the symmetry energy of a nucleus, respectively. For the neutron drip line (S n = 0) of intermediate and heavy mass region, we obtain the isospin asymmetry at the drip line
One can see that the neutron drip line directly relates to the ratio of a v to a sym . The difference of the neutron drip line from different models is probably due to the difference of the coefficients a v and a sym adopted in the models. To further test the model, we study the shell gaps. As a measure of the discontinuity in the two neutron separation energy S 2n at magic neutron numbers N 0 , the shell gap [11] ,
is a sensitive quantity to test the model. In Fig.6 , we show the calculated shell gaps at the magic neutron numbers N 0 = 28, 50, 82, 126 with different models. The dashed, the dot-dashed and the solid curve denote the results of HFB-17, FRDM and WS*, respectively.
The squared curve denote the experimental data. The most shell gaps can be reasonable well described by the WS* model, except the shell gap at sub-shell closure Z = 64 which is over-predicted by WS* and FRDM and is under-predicted by the HFB-17 model. In Fig.6(b) , the peak (large shell gap) at magic number Z = 28 disappears according to the HFB-17 calculations, and the peak at Z = 82 can not be reasonably well described from the FRDM and HFB-17 calculations in Fig.6(d) . The experimental shell gaps at magic numbers Z = 20, 28, 40, 50, 82 can be remarkably well described with the proposed model.
In addition, we study the relation between the fission barrier of super-heavy nucleus and the corresponding shell correction of the nucleus. Neglecting the shell energy at the saddle point, the fission barrier of a nucleus can be approximately written as [12] ,
Where B LD and ∆E are the macroscopic fission barrier and the shell correction of a nucleus at its ground state. For super-heavy nucleus, the macroscopic fission barrier generally disappears and consequently the fission barrier can be roughly evaluated through the corresponding shell correction of the nucleus. In Fig.7 , we show the fission barriers of a number of super-heavy nuclei (solid-circled curve) [13] which are calculated with the macroscopic- The experimental data are taken from [14, 15] . Table   III , we list the α-decay energies Q α and the shell corrections ∆E in 6 α-decay chains of super-heavy nuclei with Z = 117 [14] and Z = 120. The available experimental data can be reproduced reasonably well. These calculations indicate that the proposed mass formula is relatively reliable for description of the masses of super-heavy nuclei.
IV. CONCLUSION AND DISCUSSION
In summary, the semi-empirical mass formula based on the macroscopic-microscopic method has been further improved by considering the constraint between mirror nuclei. In addition, we note that the deviations from the measured masses for some nuclei with N ≈ 18,26,40,56,64,70,80,88 etc. are relatively large, with both WS and WS*, which may be caused by the triaxial deformation of nuclei or the tetrahedral symmetry in nuclei [17, 18] .
It is found that the strongest tetrahedral-symmetry effects appear at tetrahedral-magic numbers 16, 20, 32, 40, 56, etc., and the tetrahedral deformation can bring over a few MeV of energy gain in the nucleus [18] . We empirically describe the influence of the tetrahedral deformation on the binding energies of nuclei by using two cosine functions together with the two tetrahedral-magic numbers 16 and 20, ∆ T = −0.7 cos 2π MeV. The solid curve in Fig.1 (b) denotes the results of ∆ T . With the empirical function ∆ T , the rms deviation of 2149 nuclear masses can be further reduced by 5%, to 0.417 MeV.
Microscopic study on the triaxial deformation of nuclei is in progress.
